In this paper we construct the Wilson short distance operator product expansion for the gluon, quark and ghost propagators in QCD, including operators of dimension two and three, namely, A 2 , m 2 , m A 2 , ψ ψ and m 3 . We compute analytically the coefficient functions of these operators at three loops for all three propagators in the general covariant gauge. Our results, taken in the Landau gauge, should help to improve the accuracy of extracting the vacuum expectation values of these operators from lattice simulation of the QCD propagators.
Introduction
Two-point correlation functions of the fundamental fields of the QCD Lagrangian -that is gluon, ghost and quark propagators -are of direct importance in any perturbative treatment of QCD. Suffice it to say that the corresponding wave function renormalization constants are vital ingredients in calculations of the QCD β-function and the quark mass anomalous dimensions (currently known at four-loop level [1] [2] [3] [4] ). Scheme-invariant versions of these propagators are presently known in NNNLO (that is up to and including three loops) in arbitrary covariant gauge [5] including the Landau one, which is distinguished from the point of view of lattice simulations.
Purely perturbative treatment essentially assumes a weak-coupling regime. QCD propagators, especially the gluon and the quark ones, have been much under examination also beyond perturbation theory (that is in the strong-coupling regime). Here one should mention at least two broad directions, namely, the use of Schwinger-Dyson equations (for reviews see e.g., [6] [7] [8] ) and non-perturbative computation on the lattice by Monte Carlo simulations. In what follows we will concentrate our discussion on the latter.
It is expected -due to the asymptotic freedom -that the behavior of full QCDpropagators is to be governed at sufficiently large momentum transfers by perturbation theory and by the Operator Product Expansion (OPE) [9] [10] [11] . Thus, by comparing results of continuum perturbation theory calculations with those of lattice simulations one hopes to get a lot of information about the (renormalized) running coupling constant and quark masses as well as on condensates -Vacuum Expectation Values (VEV's) of composite operators -entering into OPE. The idea has been pursued in lattice simulations performed by various groups. (As for investigating condensates in lattice framework along these lines, see, e.g. Refs. [12] [13] [14] [15] and also references therein for earlier results and for more lattice-specific information).
While purely perturbative contributions to the QCD propagators have been computed in NNNLO, the corresponding (power suppressed) condensate contributions are usually known only at leading order or, at best, at next-to-leading order. To be specific, let us consider the gluon and ghost propagators in Landau gauge (for space-like momentum
with Q = −q 2 . The dressing functions D g and D h can be decomposed in terms of the appropriate OPE as follows
where ? stand for g or h, D Assuming the case of massless QCD, the leading non-perturbative corrections in (2) should come from operators with the lowest possible mass dimension d i = 2, namely (to be in agreement with the commonly used in lattice publication sign convention we effectively use below the euclidean scalar product in the definition of A 2 )
where A a µ is the gauge field , C(C) is the ghost (antighost) field. Within the class of covariant gauges 2 the coefficient function of the second operator is known to vanish identically in every OPE [16] . In what follows we will not consider this operator.
The first operator, the gluon mass condensate 3 , does have nonzero coefficient functions C ? A 2 already in the tree approximation, namely [16] (see, also [17] [18] [19] )
From the phenomenological side, lattice simulations carried on by Boucaud et al in a series of publications [15, 17, 18, [20] [21] [22] (see, also [23] ) seem to demonstrate the existence of effects of order 1/Q 2 in both gluon and ghost dressing functions 4 . Moreover, numerical fits produce the results consistent with the OPE description of power suppressed 1/Q 2 corrections to the gluon, ghost and quark propagators. This means, for instance, that one and the same value of the gluon mass condensate [15] 
multiplied by the tree level CF's (3) together with purely perturbative contributions (known to three loops) describe the ghost and gluon dressing functions over the whole available momentum window 2 GeV ≤ Q ≤ 6 GeV. On the other hand, a study of a dressing function itself could, obviously, at best result in the determination of the product of the CF and the VEV of a composite operator (even if one assumes no contamination from operators of higher mass dimension). Thus, knowledge of higher order corrections to the coefficient functions of condensates is of some importance, at least for better understanding the results of lattice simulations.
The quarks are massive. As a consequence the possible composite operators could contain powers of quark masses along with quantum fields. It is worthwhile to remember at this point that in "good" renormalization schemes like those based on the dimensional regularization [27] [28] [29] and minimal subtractions [30] the coefficient functions of any (short 2 By a covariant gauge we mean the one generated by adding the term −
to the gauge invariant Yang-Mills Lagrangian; the corresponding expression for the tree-level vector boson propagator reads
; the choice of the Landau gauge corresponds to limit of ξ L → 0. 3 We use this expression as the title of just gluon condensate is traditionally referred to the VEV of the operator G a µν G a µν starting from the seminal works by the ITEP group [11] . 4 The gluon mass condensate as well as the quark condensate also show up in the quark propagator [12, 13, 22, [24] [25] [26] , see Section 3 below. distance) OPE obey the following important property 5 : their dependence on any particle/field masses is polynomial. In particular, it means that any more complicated mass dependence of a correlator will be "hidden" in the corresponding VEV of composite operators. It also means that if one allows, as we do, mass factors to be used in constructing composite operators, then their coefficient functions become totally mass-independent by definition. Limiting ourselves to operators with mass dimensions not higher than three we arrive to the following list of operators which could appear in OPE for the QCD propagators: 
Here and everywhere in the paper the renormalization is carried out in the MS-scheme, n f is the total number of quark flavours, l µQ = ln
are the running quark mass and quark-gluon coupling constant respectively. In addition, the irrational constants ζ 3 = 1.2020569, ζ 4 = 1.0823232, ζ 5 = 1.0369277 appear. In numerical form Eqs. (6)- (9) read
where we have set µ = Q.
OPE for the quark propagator
The quark propagator of a quark field ψ q with mass m is expressed in terms of the corresponding dressing functions as follows:
The OPE expansions for the dressing functions (up to operators of dimension three) are
where m is the quark mass of the quark associated with the quark field ψ.
The purely perturbative contributions V 0 and S 0 have been already discussed at threeloop level in [44] , the files with results in computer readable form can be downloaded from http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp99/ttp99-43. The remaining coefficient functions are listed below: 
4 Renormalization Group Improvement
Anomalous dimensions
We limit ourselves to the three-loop level. Let us start from the operators of dimension two. The corresponding matrix of anomalous dimensions is defined by the following matrix equation
where the differentiation on the lhs is carried out with fixed bare coupling and quark masses. The quark mass anomalous dimension is known since long [45, 46] 
The non-diagonal three-loop anomalous dimension γ A 2 ,m 2 reads
Life is easier with operators of dimension three. First, the anomalous dimensions of the pair m A 2 and m 3 are, obviously, additively related to those considered above, namely:
Second, in the process of renormalization the quark condensate could mix only with the unit operator (times a quark mass cubed):
The fact that
is well-known from text-books. The non-diagonal part of the mixing was investigated in detail a long time ago [48, 49] . It is naturally expressed in terms of the so-called vacuum anomalous dimension, γ d 0 as follows [50] :
with
Scheme-independent correlators and operators
In general a Green function G depends on the renormalization prescription (scheme) and the choice of the artificial scale µ. It is, however, well-known how to define a variantĜ of G which is invariant under changes of the renormalization scheme and µ. The corresponding renormalization group equation (RGE)
has the formal solution
The OPE of a (suitable) scale-invariant Green function can be rewritten in terms of scaleinvariant operatorsÔ i and Wilson coefficientsĈ i , which again obey RGEs of the form (34) .
Here, we consider the OPEs of the scheme-independent dressing functions in the limit of massless quarks. In this limit -aside from the perturbative contributions -only the operators A 2 andψψ contribute. For the operator A 2 and its coefficient functions we obtain (in the three-loop approximation) 
s (a s + 6.39757 a 
by inserting the corresponding anomalous dimensions into Eq. (35) . The scale-and scheme-independent versions ofψψ and its coefficient function in the OPE of the quark propagator read 
Another useful scheme-invariant object is the so-called "effective quark mass" m P (Q) which is defined as follows [10] .
where we have used Eq. (54) to express m P (Q) in terms of the dressing functions V (Q) and S(Q).
In the chiral limit the leading contribution to m P (Q) comes from the quark condensate; in explicit form we get
Using the results of Section 3 we arrive at: 
where we have set the renormalization scale µ = Q. Numerically these equations read: 
In analogy to the effective quark mass one can also define effective masses for gluon and ghost fields, which are induced by the gluon mass condensate A
2 . An explicit formula can be derived by considering the ghost propagator (or the gluon propagator) in the chiral limit:
The effective masses are then given by
where ? stands for g or h. The analytic results for µ = Q and n f = 1, 2, 3 are Specific numerical analysis should be made with specific lattice data. Still, we observe that the higher order corrections to the coeffcient functions display relatively good (apparent) convergency pattern with basically positive coefficients which, presumably, should lead to a noticeable decrease of the value of the A 2 condensate once the lattice data are reanalyzed with an account of newly computed terms in the corresponding OPE.
Note that such dependence of the numerical value of the gluon mass condensate on the number of perturbative terms accounted in the corresponding OPE gives an extra support to the the hypothesis of duality between perturbative and non-perturbative contributions (see a very recent work [58] and references therein).
Finally, we hope that our results will be of use for better understanding of the present and future data coming from lattice simulations of QCD propagators.
A Several massive quarks
Until now, all OPEs in this work have been formulated for the case of (at most) one massive quark with mass m. From a physical point of view, this is a valid approximation: corrections from u and d masses are in general negligible, while all other quark masses show a strong hierarchy. Nevertheless, it is also possible to generalize our results to the case of n f massive quarks with masses m 1 , m 2 , . . . , m n f . The generalization of the OPEs of the gluon and ghost propagators is straightforward: We replace m 2 by the sum over m (17), (19) and (20) . For i = 1, the anomalous dimension matrix of (31) has to be extended to account for the mixing ofψψ with m 
